The quasi-periodic doubling cascade is shown to occur in the transition from regular to weakly turbulent behaviour in simulations of incompressible Navier-Stokes flow on a three-periodic domain. Special symmetries are imposed on the flow field in order to reduce the computational effort. Thus we can apply tools from dynamical systems theory such as continuation of periodic orbits and computation of Lyapunov exponents. We propose a model ODE for the quasi-period doubling cascade which, in a limit of a perturbation parameter to zero, avoids resonance related problems. The cascade we observe in the simulations is then compared to the perturbed case, in which resonances complicate the bifurcation scenario. In particular, we compare the frequency spectrum and the Lyapunov exponents. The perturbed model ODE is shown to be in good agreement with the simulations of weak turbulence. The scaling of the observed cascade is shown to resemble the unperturbed case, which is directly related to the well known doubling cascade of periodic orbits.
Introduction
In the absence of boundaries the incompressible Navier-Stokes equations are symmetric under rotations, translations and reflections. If we impose a subgroup of symmetries on the solutions we reduce the number of degrees of freedom in simulations of the flow. In the early days of numerical simulation such reduction by symmetry was used to probe into turbulent flow, revealing structures such as the Taylor-Green vortex [1] . Kida [2] put forward what is probably the maximal reduction still allowing for turbulent flow. The corresponding flow is called high symmetric and was used to study flow statistics at moderate to high Reynolds number [3, 4, 5] .
As computers have grown considerably since then, those results may be reproduced today in simulations without any special symmetry. However, reduction by symmetry can still be a useful approach when going to ever higher Reynolds number, requiring higher resolution of the models, and when applying tools of dynamical systems theory to turbulence.
Recently considerable effort has been made to apply continuation and bifurcation analysis to fluid dynamical problems, see e.g. [6, 7] . If this could be done at realistic resolution the results could prove a valuable complement to statistical analysis of direct numerical simulation. At the moment the maximum number of degrees of freedom tackled successfully is of order 10 4 . Given that the simulation of turbulent flow at moderate Reynolds number requires a number of degrees of freedom in the order of 10 6 , reduction by symmetry can be successfully applied.
Here, we examine the transition from regular to weakly turbulent motion in high symmetric flow. Exploiting the divergence free condition in addition to the symmetry we gain a factor of about 300 with respect to general, non symmetric flow and a factor of 3/2 with respect to earlier work on high symmetric flow in terms of the number of degrees of freedom. Thus we can analyse the transition using continuation of periodic orbits and computation of Lyapunov exponents, using the direct method for integration rather then the pseudospectral method.
In addition to the Ruelle-Takens scenario, reported on previously [8] , we find that a cascade of quasi-periodic doubling bifurcations, otherwise knows as torus doubling bifurcations, occurs in the transition to weak turbulence. To the author's best knowledge this is the first time this bifurcation sequence is found in Navier-Stokes flow at realistic truncation level. In order to relate the numerical results to theoretical predictions we propose a model Ordinary Differential Equation (ODE) for this cascade. In contrast to model equations studied previously [9, 10] these equations, based on a fixed time smooth suspension of the Hénon map, display a complete cascade with a fixed frequency ratio of the bifurcating tori in the limit of a perturbation parameter to zero. If we introduce a slight perturbation in the model ODE the bifurcation cascade is interrupted, as it is in the simulations of weak turbulence. Also, the frequency spectrum at the onset of chaos and the dependence of the leading Lyapunov exponents on the bifurcation parameter in the simulations is shown to be very similar those of the perturbed model ODE.
To within the accuracy of the numerics, the scaling of the cascade is shown to agree with that of the unperturbed model ODE, which is known theoretically. When looking at the leading Lyapunov exponents a difference becomes apparent: in the unperturbed model ODE the largest two nonzero exponents become equal on an open interval in parameter space in between successive doubling bifurcation points, whereas in the perturbed model ODE, and also in the flow simulations, they remain separate. This difference might by caused by the crossing of resonance tongues or other codimension one phenomena in which the stable torus loses normal hyperbolicity. A thorough study of the model ODE with finite perturbation might yield an explanation.
The vorticity equation for high symmetric flow
Consider an incompressible fluid in a periodic box 0 < x 1 , x 2 , x 3 ≤ 2π. In terms of the Fourier representation of velocity and vorticity,
we have
where ν is the kinematic viscosity, ǫ i,j,k is the permutation symbol and the tilde denotes the Fourier transform. In terms of the standard norm energy and enstrophy are given by
respectively. Now consider the following discrete symmetry operations: S i , reflections in the planes V i given by x i = π and R i , rotations over π/2 radiants about the lines l i : x j = π/2 for j = i. If the flow is invariant under these operations only one out of three components of vorticity in a volume fraction 1/4 3 needs to be computed to determine the flow on the periodic domain. Figure 1 gives an impression of the symmetries. We call a flow invariant under S i and R i , first described by Kida [2] , high symmetric.
Symmetry operations S i and R i introduce linear relations between the Fourier components of vorticity. First of all we havẽ
so that we may consider only one component. This scalar function is even or odd in its arguments:
and finally we havẽ
for k 1 and k 2 and k 3 even,
We consider a cubic truncation, i.e. |k 1,2,3 | ≤ N. Relations (6) (7) (8) reduce the number of independent Fourier modes of vorticity by a factor of 192 in the leading order, that is N 3 . This reduction was exploited by Kida et al. [3, 4] to investigate scaling laws at moderate to high Reynolds number. In the present work we exploit the divergence free condition for vorticity to further reduce the number of modes. With the aid of equation (6) it reads
Taking maximal advantage of relations (6-9) we consider only Fourier compo-
The number of independent modes is reduced by a factor of 288 in the leading order.
These components satisfy the following equation
whereS andT are the Fourier transforms of
and
Energy in supplied by fixing the low order odd modeω 1 (1, 1, 3) = −3/8. Thus we obtain a family of dynamical systems with one parameter, ν, and a number of degrees of freedom given by
Numerical considerations
In performing time integrations we avoid the use of a pseudo-spectral method, commonly employed for three dimensional simulations of Navier-Stokes. Up to a truncation level of N = 25 (n = 1365) the direct method is not exceedingly slow due to the reduction of the number of degrees of freedom described above and yields easy access to the Jacobian for integration of the variational equations. Also, the direct integration code can easily be run in parallel, distributing the computation of the components of the vector field over any number of processors. For higher truncation levels, at which storage of the nonlinear interaction coefficients requires huge memory space, it is mandatory to use a pseudo spectral method, as described in [3] , even though it does not exploit the divergence free condition (9) . For time integration a seventh to eight order Runge-Kutta-Felbergh scheme with adaptive step size is employed. As many of the results presented here are based on rather long time integrations it important to keep the error tolerance low. We have checked energy conservation at zero forcing and viscosity using the high order and the fourth order Runge-Kutta schemes. For realistic O(1) levels of the energy, an integration time ∆t = 10 3 and a fixed error tolerance δE = 10 −9 the step size required for the fourth order scheme is about ten times smaller then the average step size using the high order scheme. As the high order method needs thirteen evaluations of the vector field at each time step, against four for the low order scheme, it is more efficient.
Below simulations are performed with a viscosity in the range 0.005 < ν < 0.01 and the truncation level fixed to N = 15 (n = 300). We computed the energy and the enstrophy, as well as Taylor's micro-scale Reynolds number, R λ , and Kolmogorov's dissipation length scale, η, defined by
The dimensionless number ηN indicates if the resolution is high enough in numerical simulations. If ηN ∼ 1 the truncation error is considered negligible. At the fist transition to chaos, the focus of this paper, we have ηN ≈ 0.8. The band average energy spectrum is shown in figure 2 (left). In order to make sure that the results presented below do not depend critically on the truncation level we repeated some of the computations, in particular the location of the quasi-periodic bifurcation points described in section 5, at N = 21 (n = 814). The qualitative behaviour remains the same as the bifurcation points shift slightly to lower viscosity. For this truncation level we have ηN ≈ 1 at the first transition point. The band-averaged energy spectrum is shown in figure  2 (right). At the small scales an exponential decay is visible, indicating that our numerical results are reliable.
Periodic orbits are continued in the viscosity as fixed points of a Poincaré map, using the arclength method as described in [11] . This method is time consuming because of the integration of the linearised equations. However, running the code in parallel this is no obstacle. 
Transitions to chaos
For large viscosity an equilibrium state is the global attractor in our simulations of high symmetric flow. At ν ≈ 0.0113 a Hopf bifurcation occurs in which a stable periodic orbit is created. To get an impression of the transitions from periodic to chaotic motion we computed a limit point diagram in the range 0.01 > ν > 0.005 of the Poincaré map on the coordinate plane given byω(0, 2, 4) = −0.05. In this range the time average micro-scale Reynolds number varies from R λ ≈ 50 to R λ ≈ 27, indicating that the aperiodic behaviour can be classified as weak turbulence, fully developed turbulence sets in around ν ≈ 0.004 and R λ ≈ 60 in high symmetric flow. The limit point diagram is shown in figure 3 . Two parameter ranges with periodic behaviour can be seen: one around ν = 0.01 and one around ν = 0.0068. A continuation of these periodic orbits in parameter ν is shown in figure 4 . The branch which is stable around ν = 0.0068 does not bifurcate from an equilibrium at high viscosity. Both branches become unstable in a Neimark-Sacker bifurcation. Directly beyond these bifurcation points we expect the behaviour to be quasi periodic, and indeed invariant circles appear in the Poincaré section, figure 3 . The breakdown of these invariant tori gives rise to chaos. The torus created at NS 2 displays a quasi-periodic Hopf bifurcation and thus the Ruelle-Takens scenario to chaos is followed, as reported in [8] . The torus created at NS 1 displays a quasi-periodic doubling bifurcation which turns out to be the first of a cascade, discussed in detail in section 5.
The fundamental frequencies of the tori created at NS 1,2 have a physical interpretation. The higher frequency, ω 1 ≈ 2.6 is set by the large eddy overturning time, estimated as T = l/U ≈ 2.3 where U ≈ 0.9 is the root mean square velocity and l = 3 π 3 /3 is the characteristic length scale given that by symmetries S i , the planes x 1,2,3 = π are impermeable and by symmetries R i the velocity field has a three fold rotational symmetry around the main diagonal x 1 = x 2 = x 3 . The lower frequency, ω 2 ≈ 0.26, corresponds to a modulation of the amplitude of the energy. It is also present in fully developed turbulence with high symmetry and can be though of as a retaining time scale of anomalously high energy. The dynamics on these time scales is illustrated by the isosurface of enstrophy shown in figure 5. On the short time scale, T , patches of high vorticity are generated on the main diagonal and off the diagonal in triples related by the three fold rotational symmetry. These patches converge to the origin and to the center of the 2π-periodic box, points of special symmetry. On the longer time scale the overall amplitude of this process is modulated. Note, that the patches of high vorticity do not have the elongated, tubular shape typical of developed turbulence.
The quasi-periodic doubling cascade
In figure 6 six Poincaré plots are shown beyond bifurcation point NS 1 . The torus "doubles" at least four times (a-e) before a chaotic attractor appears with a shape very similar to the doubled torus.
Such sequences of torus doubling bifurcations have been observed both numerically, e.g. in severe truncations of the Navier-Stokes equations [17] and in a periodically driven low-order atmosphere model [18] , and experimentally, e.g. in electronic circuits [15, 16] and have also been studied in connection to strange non chaotic attractors [19] . In these examples chaotic behaviour is observed after two or three doublings. In our system we find four doublings, after which quasi-periodic motion is very hard to distinguish from aperiodic motion numerically.
The observation of incomplete quasi-periodic doubling cascades led to the introduction of simple models which highlight the similarity to the well known periodic doubling cascade [9, 10] . In these models an infinite cascade can only be observed in a limit of the parameters were the vector field can be decomposed into a three dimensional vector field which exhibits a period doubling cascade and a constant rotation. Away from this limit the stable torus is more fragile after each bifurcation and the cascade is interrupted.
In order to see why the cascade is interrupted, we need to investigate the quasi-periodic doubling bifurcation in detail. Rigorous bifurcation theorems for bifurcating invariant tori were formulated by Broer et al [12, 13] . They include the bifurcation shown here, in which a torus loses stability and a new stable torus is created with one fundamental frequency half that of the original torus. However, the bifurcation theorem is given for a one parameter family of tori that satisfy a non resonance condition on the fundamental frequencies. If the fundamental frequencies of the torus become resonant normal hyperbolicity is lost and persistence under parameter variations is not guaranteed. We have only one parameter in our system and the fundamental frequencies depend on it continuously. As we vary the parameter we cut through a Cantor set of values at which the torus is normally hyperbolic. Thus, the loss of normal hyperbolicity through resonance is a possible mechanism for the interruption of the cascade.
However, the resonances we pass through, i.e. the Arnold' tongues we cross, are of fairly high order as we find for the fundamental frequencies at NS 1 that ω 1 ≈ 10ω 2 . Recently an algorithm for the continuation of invariant tori was developed that "steps over" such high order resonances without a problem, and in fact this algorithm was tested on a system that exhibits a cascade of quasi-periodic doublings [14] . In this paper it is pointed out that in the absence of a non resonance condition the notion of a quasi-periodic bifurcation point itself is unclear, as no normally hyperbolic torus exists in a whole interval in parameter space. On one side of this interval we observe the stable single torus and on the other side the stable doubled torus. This interval turns out to be small compared to the numerical resolution of our simulations, a step size in the viscosity of about δν ≈ 10
Apart form resonances there are other mechanism that can interrupt the cascade. Stagliano et al. [19] , for instance, concluded that the cascade was interrupted when the stable torus loses smoothness and collides with an unstable parent torus. In reference [18] a strikingly complicated, yet incomplete picture is sketched of the mechanisms that can interrupt the cascade.
In order to interpret our numerical results, let us formulate a new model ODE for the quasi-periodic doubling cascade. Models studied before [9, 19] were based on the logistic map and cannot be regarded as the Poincaré map of a smooth flow. Our starting point is the Hénon map.
Let H s (x, y) be a family of Hénon maps on R 2 which exhibits a period doubling cascade. Lets i be the period doubling bifurcation point at which a stable 2 iperiodic point is created and let lim i→∞si = s c . Let φ t (x, y, u; s) be a smooth fixed time suspension of H s on R 2 × S so that φ 1 (x, y, 0; s) = (H s (x, y), 0). The flow φ t is generated by an autonomous vector field, denoted here by f 1 ∂ x + f 2 ∂ y + ∂ u . In appendix A explicit expressions are given as formulated in [20] . Finally, we add a second periodic variable and a coupling proportional to ǫ:ẋ
with h : S → R 2 , g : R 2 → R and ω irrational. For ǫ = 0 the flow on R 2 ×S ×S is given by ψ t (x, y, u, v; s) = (φ t (x, y, u; s), v 0 + ωt) and we know that For finite ǫ the second fundamental frequency will depend on s continuously and resonance points will be passed through on the way to the accumulation point s = s c .
In the following we compare the model ODE to the simulations of weak turbulence. The damping parameter of the Hénon map is fixed to j = 1/4. The unperturbed model then displays a doubling cascade with s 1 = 1.1718 . . ., s 2 = 1.7031 . . ., s 3 = 1.8144 . . . and s c = 1.84525 . . .. In the perturbed system we fix the second frequency to the golden mean, i.e. ω = ( √ 5 + 1)/2 and
The perturbation parameter is fixed to ǫ = 0.001. At this perturbation strength we observe four doubling bifurcations before chaos sets in. In the Poincaré intersection plane given by v = 0, projected on the x and y variables, the bifurcation sequence looks very similar to the one shown in figure 6 .
We have computed the frequency spectrum near the onset of chaos and the (partial) Lyapunov spectrum both for the weak turbulence and for the model ODE. For computation of Lyapunov exponents of the high-symmetric flow we used finite differencing rather than integration of the full linearised system. Integration was done until the zero exponent associated with the direction transversal to the flow and tangent to the torus had converged up to 10 −4 .
Turning first to the frequency spectrum we observe that after three doublings bifurcations peaks at frequencies ω 2 /2, ω 2 /4 and ω 2 /8 show up, as well as combination peaks around ω 1 . Figure 7 shows the spectrum around the fundamental frequencies for the simulations of weak turbulence. A rather similar figure for the model ODE is omitted here. In the case of a period doubling cascade the amplitude ratio µ between consecutive peaks ω/2 i can be predicted on basis of the scaling constants [21] . We attempted to measure this ratio for the spectrum shown in figure 7 but only the first three peaks can be distilled from these data. These scale roughly by a factor of µ = 4, not far from the theoretical prediction for the period doubling case µ = 4.648 . . .. The same estimate is obtained for the model ODE. In the case of Poincaré maps, rather then discrete maps, similar deviations from the theory are found.
In figures 8(left) and 9(left) the leading Lyapunov exponents are shown as a function of the bifurcation parameter, i.e. the viscosity ν for the highsymmetric flow and the parameter s of the Hénon map for the model ODE. From these data we can estimate the locus of the bifurcation points, stressing once more that this notion is ill-defined on a scale smaller then our resolution in parameter space. Thus we find consecutive estimates for the scaling constant δ as Again, this is compatible with the theory for period doubling cascades, albeit a rough estimate.
In figure 8 (right) enlargements around the points D 1 and D 2 are shown for the high-symmetric flow simulations. After the first doubling the leading non zero exponents are equal on small interval of order δν = 10 −6 . After the second doubling the leading exponents neither cross nor become equal. This result was confirmed by integration of the full linearised equations at several points in the parameter range where the leading exponents attain their minimal distance. The parameter range between the third and fourth doublings is too small to see whether the exponents meet. In this range we record the passage through a high order resonance which does not destroy the torus.
In figure 9 (right) an enlargement is shown of the Lyapunov exponents of the model ODE around the doubling points D 3 and D 4 . For comparison, the exponents of the unperturbed model, computed from the Hénon map itself, have been drawn with thin lines. Again the Lyapunov exponents do not become equal in between doubling points. The step size has been taken as small as δs = 1 · 10 −5 . Apparently, the slightly perturbed model ODE yields the same behaviour of the leading Lyapunov exponents as the simulations of highsymmetric flow.
For now we have no explanation for the absence of crossing or equal leading Lyapunov exponents in between doubling points. As noted before, the invariant tori are structurally stable only on a fractal domain of the parameter and bifurcations might go unnoticed when monitoring Lyapunov exponents with finite step size for the parameter. A more thorough understanding could be obtained by a continuation of the invariant torus itself and by further study of the model ODE (15) , which is the topic of future research.
Conclusion
We have investigated the transition from stationary to disordered behaviour in simulations of high symmetric flow. In combination with the symmetry the divergence free condition was exploited to reduce the number of degrees of freedom by a factor of about 300 with respect to simulations of general periodic Navier-Stokes flow, a gain of 30% compared to earlier work [2] - [5] , [8] . This allowed us to investigate the bifurcation scenario in detail and at realistic truncation level.
Along with the Ruelle-Takens scenario, the quasi-periodic doubling cascade occurs as a route to weak turbulence. By means of Poincaré sections, power spectra and Lyapunov exponents we have shown that this cascade bears close resemblance to the well known doubling cascade for periodic orbits. We observe four doublings after which quasi-periodic behaviour is very hard to distinguish from chaotic behaviour numerically. In previous work on the quasi-periodic doubling cascade, both numerical and experimental, chaos is reported to set in after two or three doublings [15, 17, 16] . The fact that we see more doublings might be due to the widely separate fundamental frequencies of the bifurcating tori in our system, as is the case in recent work by Schilder et al [14] .
In order to make the notion of a quasi-periodic doubling cascade precise we have proposed a model ODE, equations (15) , such that in the limit of a perturbation parameter ǫ ↓ 0 the correspondence to the periodic doubling cascade is exact. The scaling of the first steps of the observed quasi-periodic doubling cascade agrees with the prediction of the unperturbed equations (15) . Looking at the leading nonzero Lyapunov exponents, however, a difference between the perturbed model ODE and the high-symmetric flow simulations on one side, and the unperturbed model ODE on the other side, becomes apparent. In the perturbed model ODE and in the simulations the two largest nonzero exponents remain separate in between doublings, or at least no crossing is found with a small but finite step size in the parameter. An explanation might follow from a detailed study of the model ODE (15) with nonzero perturbation. Other interesting questions would be if the scaling laws of the doubling cascade are influenced by the perturbation and how many steps of the cascade can be observed given the ratio of fundamental frequencies and the strength of the perturbation.
The solutions presented here, in particular the bifurcating tori, are solutions of the truncated three dimensional Navier-Stokes equations on a periodic domain. They might, however, prove to be unstable to asymmetric perturbations. It is therefore uncertain whether the quasi-periodic doubling cascade can be observed in periodic flow without any symmetries imposed. It does, however, occur at low Reynolds number, at which asymmetric perturbations might be damped. Even at such low Reynolds number, the simulation of general three dimensional flow, and the bifurcation analysis as presented here, remains a formidable task.
A An explicit suspension of the Hénon map
Explicit expressions for a vector field that yields a fixed time, smooth suspension of the Hénon map were given by Mayer-Kress and Haken [20] . Here we repeat the essential definitions in a the notation of the model ODE 15.
The Hénon map is given by
In order to define the function f(x, y, u; s) we need to introduce the following auxiliary functions:
where the primes denote differentiation with respect to u. Suppressing the explicit dependence on u in the right hand side we have Iterates of the Poincaré map, obtained from an integration of length ∆t = 1000, are drawn for each parameter value. Transient motion is discarded and the step size of the parameter is set to δν = 1 · 10 −4 . The last point of each integration is the initial point at the next parameter value, starting at the stable periodic orbit at ν = 0.0105. Visible is the transition I→II from periodic to quasi periodic, II→III to chaotic, III→IV back to periodic, IV→V to quasi periodic and V→VI to chaotic/turbulent. In region III the behaviour alternates between chaotic and two or three periodic while the spatial structure of the flow remains simple. 
